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1. Introduction 

The conjectured duality between D = 4, jV = 4 super Yang-Mills theory and Type 
IIB string theory compactified on five-dimensional anti-de-Sitter space x the five- 
sphere (AdS$ x S 5 ) has created a considerable amount of interest in studying 
the corresponding string theory using world-sheet methods. Since the AdS§ x S 5 
geometry is supported by the self-dual Ramond-Ramond (R-R) 5-form background, 
the standard NSR formalism does not apply in a straightforward way, while the 
manifestly space-time super symmetric Green-Schwarz (GS) formalism seems more 
adequate. 

In [[|, based on maximal supersymmetry arguments, it has been shown that 
AdS 5 x S 5 , AdS 7 x S 4 and AdS± x S 7 are exact string and M-theory backgrounds. 
This raises the hope that in the case of AdS§ x S* 5 one might find an exact solution 
of the corresponding conformal field theory. The first steps are, of course, writing 
down the world-sheet action and fixing its local symmetries. 

The GS action in general supergravity background was written down in for the 
type IIA theory and in for the type IIB theory. These actions are written in terms 
of the space-time vielbein and a super two-form which have as lowest components 
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the zehnbein and the Neveu-Schwarz-Neveu-Schwarz (NS-NS) two-form. The R-R 
field-strengths and the space-time spinors appear as higher components. For this 
reason these actions are not very practical, because the full solution (to all orders in 
superspace coordinates) of the supergravity constraints is not known. 

An approach to constructing the GS action that circumvents this problem is the 
coset (super) space approach. This requires first that the bosonic background be a 
coset manifold, G/H, and furthermore that G be the even part of a supergroup. For 
AdS$ x S 5 this approach was considered in || and extended to other AdS n x S n 
in 0. In reference || the authors used the exponential parametrization for the 
coset elements and solved the Maurer-Cartan equations. The resulting action can be 
shown to possess K-invariance. A slight disadvantage of this construction is that the 
auxiliary integral in the Wess-Zumino term cannot be performed explicitly without 
K-gauge fixing. 

Yet a third approach to constructing the GS action on AdS$ x S 5 was taken in 
[0]. This approach circumvents the 3-dimensional integral of the Wess-Zumino term 
by finding the AdS$ x S 5 potentials already in k gauge-fixed form. The resulting 
potentials are then used in an action of the type [f| . The resulting action was shown 
to be equivalent to the one obtained in the coset superspace approach ||. 

The action resulting from the first two approaches has to be further /t-gauge fixed. 
This can be done in various ways [9-12], the result being a dramatic simplification 
of the action. The quantization is nevertheless still problematic since the action also 
contains quartic terms. 

Here we use a version of the coset superspace approach. The main difference in 
our construction is that the space-time super-coordinates themselves are a represen- 
tation of the superconformal group, not just a nonlinear realization. This implies 
that in the resulting action the superconformal symmetry is manifest. By Wick 
rotations and Lie-algebra identifications we reexpress the superconformal group as 
CrL(4|4). We will therefore deal with unconstrained matrices. This eliminates the 
need of exponential parametrization of the coset representatives and dramatically 
simplifies the evaluation of the action. The proof of K-invariance is immediate and 
requires the use of only a subset of the Maurer-Cartan equations. The flat space limit 
reveals that the coordinates are in the chiral representation of the supersymmetry 
algebra. Fixing /t-symmetry is more transparent. 

In the following section we describe the manipulations needed to represent the 
superconformal transformations as unconstrained matrices and construct a new su- 
percoset with AdSs x 5*5 as bosonic part. In the next section we describe two possible 
gauge fixings of the local symmetries of the coset construction which lead to bosonic 
sigma models with target spaces Wick-rotated forms of particular metrics on AdS§ 
and S 5 . In section 4 we complete the supercoset construction and prove that the 
action is K-symmetric. Section 5 is devoted to constructing the flat space limit of our 
construction and showing by explicit computation that it is the standard GS action 
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written in 5*0(5) (g> SO (5) spinor notation. Sections 6 and 7 are devoted to k gauge 
fixing. In section 6 we recover the Kallosh-Rahmfeld-Pesando gauge by requiring 
that the action be real upon undoing the Wick-rotations. In section 7 we relax the 
reality condition and construct a simpler action, which has only quadratic terms in 
fermions. 



2. Coset construction 

The coset superspace construction of [f| considers strings propagating on the super- 
space PSU(2, 2|4)/50(4, 1) <g> 50(5), which has as even part the AdS 5 xS 5 geometry. 
The exponential parametrization of the coset representatives is quite complicated and 
the explicit solution for the coset vielbein does not allow a transparent gauge fixing. 

Starting from these observations we simplify the starting point of the con- 
struction. We perform Wick rotations and using the Lie-algebra identifications 
50(3,3) ~ 5L(4) and 50(3,2) ~ Sp(4) we obtain 

PSU(2,2\A) PSL(A\A) 



50(4, 1) ® 50(5) 5p(4) ® 5p(4) ' 

P5L(4|4), just as PSU(2, 2|4), is in fact already a coset; it is the coset of 5L(4|4) by 
the GL(1) group of elements with superdeterminant trivially equal to unity (matrices 
proportional to the identity). Since P5L(4|4) does not have a representation in 
Mat(A\A) but we would like to use a matrix representation, we further relax both the 
P and the 5 constraints by introducing additional scaling factors 

PSL(A\A) GLm 

(5p(4)) 2 ~* (Sp(A) <g> OL(l)) 2 ' 1 ' ] 

where the two GL(l)'s can be chosen to act separately on the upper-left and lower- 
right blocks. One may notice that only positive determinants are generated in this 
way. This slight shortcoming is fixed at the end, along with Wick rotating back. 
In this last formulation we have the advantage of using the unconstrained matrices 
of the general linear group and thus the exponential parametrization for the coset 
elements is no longer necessary. The coset elements Zm A transform in the defining 
representation of the superconformal group, being therefore supertwistor-like objects. 
The index M is acted upon by the superconformal group while the (Sp(A) ® GL(1)) 2 
acts on the A indices. 

These objects are not really supertwistors because the grading properties of 
GL(4|4) are different from those of the usual supergroups. This prevents us from 
replacing OL(4|4) spinors with "vectors" as 

W MN = Z AM Zj N (2 3) 
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where Z& is the inverse of . However, we can still interpret the bosonic coor- 
dinates as bilinears in the inverse of the coset elements, in the usual way: 

wmn = z am z n ( ) W™ = Z^Z-J 1 ( S 5 ) . (2.4) 

The GL(l)®GL(l) factor in the coset can further be used to fix one degree of freedom 
for both w mn and w mn separately. This interpretation of w mn and w mn is indeed 
correct since any 5-vector can be written in this form as the following counting of 
components shows: 4x4— (4x5)/2 — 1 = 5 where the second number is the dimension 
of Sp(A). In this language the superconformal symmetry of the background is not 
manifest any more; only the conformal and R symmetry are linearly realized. As will 
be shown later, this is nothing but a coordinate transformation from conformally 
flat metrics (in terms of Z) to other type of metrics. Another advantage of this 
construction is that it eliminates the use of gamma matrices and related identities, 
since the coordinates naturally appear as carrying spinor indices. 

Similar "Wick-rotated" cosets exist also for AdS 3 x S* 3 and AdS 2 x S 2 . They are 
GL(2\2) <g> GL{2\2)/{Sp{2) ® GL{1) <g> GL{l)f and GL(2|2)/(GL(1)) 4 , respectively. 
In the following we will concentrate on the AdS 5 x S* 5 construction. 

3. Bosonic 

The even part of the supercoset we constructed, which is [GL(A)/(Sp(A) <S> GL(1))] 2 , 
should produce a sigma model with target space AdS 5 x S* 5 . Since it is "a perfect 
square", we will discuss one of the two GL(A)/(Sp(A) ® GL(1)) factors. The gauge 
fixing can be done in a variety of ways. There are, however, two extreme possibilities 
and these will lead to the standard conformally flat AdS§ and S 5 metrics, respectively. 
For notational convenience we will break the GL(A) matrices into 2x2 blocks. The 
global, GL(A) indices will be split asm^ (p, p') while the local Sp(A) indices will 
be split as a — > (a, a'). In general, the local Sp(A) transformations can be used 
to make diagonal blocks proportional to the identity matrix and to relate the off- 
diagonal blocks. The GL(1) transformations can further be used to pull out scales. 
The action for each of the two factors in the bosonic part of the coset is just 

S = J j {ab) A*j {ab) (3.1) 

where is the coset part of j ab = z am dz m b , z e GL(A), i.e. the antisymmetric 
fi-traceless part of j ab . As a matter of notation, we will use bold-faced letters to 
denote a matrix as a whole as well as its associated vector. The antisymmetrization, 
tracelessness, index contraction and inverse of Q are defined as 

1 1 
A [a B b] = -(A a B b - A b B a ) A {a B b) = A [a B b] + -{l ab A c B c 

a c b c = n ah A b B a n ab n ac = 5 b c . (3.2) 
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The AdS§ sigma model in the upper half-space form emerges by picking a "tri- 
angular gauge", i.e. we use the Sp(A) invariance to set the coset representative in 
triangular form with the upper-left and lower-right 2x2 blocks proportional to the 
identity matrix. We further use the GL(1) invariance to scale to unity the upper-left 
block. Thus, the coset representative in GL(4)/Sp(A) <g> GL(1) has the form: 



z ™ a — ( x x o j ) (3-3) 



The current, and its antisymmetric f2-traceless part, are given by: 



3 *~\*k Kl) 3 "2U^x d -£u (3 - 4) 



where we chose the Sp(A) metric to be Q = (qw)" Using these expressions we 
immediately find that the action ( jTT ) gives the AdS$ sigma model in the Wick- 
rotated Lobachevski upper half-space: 



fdaPy dx a 'Pdx a , p _ (dx ) 2 - (dx 1 ) 2 - (dx 3 ) 2 + (dx 2 ) 2 + (dx 4 ) 2 
LAdS5 ~ 1 x° 2(x°) 2 ~ (x^ 2 ■ (3 ' 5) 



Undoing the Wick rotation that took us from 5*0(4, 2) to SL(A) amounts to changing 
the sign of (dx 3 ) 2 . If we further Wick-rotate to Euclidean signature we obtain the 
standard Lobachevski upper half-space form of the metric. 

The other extreme possibility is to first use the Sp(4) symmetry and set the coset 
representative in the antisymmetric form: 

*m a =(jx ~ X i) with x± = ^(x 6 ±x°) (3.6) 

This gauge produces, as we will see, the standard conformally flat metric on S* 5 , but 
works equally well for AdS^. The antisymmetric traceless part of the current has the 
expression 

> ab \ 1 / (x + dx_ — X- dx + )uj a/3 x 13 '" dx 6 — x 6 dx 13 '" \ , . 

3 = 2||z|| 2 V x e dx a 'P - x a>13 dx 6 (x_ dx + - x + dxJ)u a ' p ' J 

with ||z|| 2 = — \ x a '^x a ip and x af3 ' = —x^ a . This expression suggests that 

it is convenient to fix the GL(1) gauge by requiring x 6 = R. Defining the object 
z = (x°, x a>13 ) and its square as z 2 = — (x ) 2 — ^x a ^x a tp, the current becomes: 

,•<«*> _ R ( ' dX ° ^ ~ dxP ' a \ /o OX 

3 2(R 2 + z 2 ){ dx a 'P dx u a 'P'J 1 ' 

and the action ( |3.1| ) is the conformally flat sigma model: 

Cs , = = R 2 j^y 2 • (3.9) 
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In vector notation the square of the vector z should be consistent with the Wick- 
rotations that take us from SO (5) to 50(2,3). Indeed, we find that 

(dz) 2 = -(dx ) 2 - (dx 1 ) 2 - (dx 3 ) 2 + (dx 2 ) 2 + (dx 4 ) 2 (3.10) 

which has the needed (2, 3) signature. 

One can arrive at the same result using only vector notation. In other words, 
one represents a 6-vector as a 4 x 4 matrix using the 5-dimensional 7 matrices and 
the charge conjugation matrix which can be chosen to be the Sp(4)-mvariant metric: 

z ah = x 6 Q ab + x l {Q-fi) ab i = l,. ..,5 . (3.11) 

It is then straightforward to compute the (antisymmetric traceless part of the) current 
which turns out to be: 

J {ab) = X 2 + l xln ^dxH^r (3.12) 

where 77 is the 5*0(2, 3)-invariant metric. As pointed out before, the GL(1) gauge 
freedom can be used to fix a component of x = (x l ,x 6 ) to any nonvanishing value. 
Choosing again to fix the GL(1) gauge by requiring that x 6 = R, we obtain the 
cr-model in equation (|3.9| ). (Relations between various coordinates are discussed in 
the appendix.) 

4. Super 

In the previous section we constructed two bosonic sigma models with target space 
the coset GL(A)/(Sp(4) <8> GL(1)). They can be used to build sigma models with 
target space the Wick-rotated AdS$ x S 5 . Now we proceed with the supercoset 
construction started in section 2 and define the currents 

J A B + A A B = Z A M dZ M B . (4.1) 

where A A B is the [Sp(A) ® GL(1)] 2 connection and J A B is the superspace analog of 
the antisymmetric traceless part of j a b from the previous section. 

As shown in |13| , if in a coset G/H the subgroup H is the invariant locus of 
a particular Z 4 automorphism of the group G, then the extra integral in the Wess- 
Zumino term can be performed explicitly and the result expressed in terms of only 
components of the current (|4.1|) . In other words, under the above assumptions the 
bosonic components of the NS-NS super two-form vanish while the rest are constant 
pf] . In our case H = (Sp(A) <g> GL(1)) 2 , but only its Sp(4) <g> Sp(A) subgroup has the 



property mentioned above. This leads to slight deviations from the results of [[13 
The action is given by: 

S = J J ab A * J ab - f al A * ± ^{E x f 2 J al A J al - E- l ' 2 f ab A J- ab ) . (4.2) 
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where E = sdet Z M A . The relative coefficient is not fixed by the coset construction. 
However, the requirement of existence of k symmetry fixes its absolute value to be 
1/2. In the gauge E = 1 our coset reduces to PSL(4\4)/ Sp(A) <g> Sp(4). However, as 
we will see in section 7, other choices of E can be useful as well. 

Showing that the action ( |4.2| ) is /t-symmetric and finding the corresponding trans- 
formations is not a complicated task. Following the model of construction of the GS 
superstring in general supergravity background we define the variations 

A A B = Z A M 6Z M B . (4.3) 

The k symmetry transformations that we consider have a form similar to the 
standard ones. In particular, the bosonic variations vanish 

A afe = = A- al . (4.4) 

This can be understood by recalling that the generator for n transformations is j> d 
where d = is the second-class constraint associated to the canonical momentum 
conjugate to the odd superspace coordinates and p is the canonical momentum con- 
jugate to x. By acting with it we get 

6. = \fid,.] = W,.]d + j[d,.]. (4.5) 

The first term vanishes by the second-class constraint while the second term con- 
tributes only fermionic variations. 

The variations of the current J can be obtained by splitting the naive variation of 
the right-hand-side of equation ( |4.1|) in coset, Sp{4) and GL{1) parts and introducing 
the (Sp(4) <8> GL(1)) 2 covariant derivative V to absorb the Sp(4) and GL(1) pieces. 
With this provision it is then immediate to show that they are given by: 

<5 Jab = J(a C A s \b) — A( a C J s |6) 
SJab — J{a C ^c\b) — ^(a C Jc\b) 

5J al = VA ab + J a c A cl - A a £ J 5l (4.6) 

J a b = J^Aah + Jg, A 5b — A a J cb 

where we used the fact that 5E = E strA = A a a — A a a = and T>E = 0. In writing 
these variations we did not take into account the world sheet metric or, equivalently, 
the world sheet zweibein e$ . Using light-cone coordinates we define its variation as 

8e± M = A ±+ e_ M + A ± _e + M (4.7) 

which implies that the full variations of the current are 

5J ±A B = A ±+ J_ A B + A ± _ J +A B + 6J ±A B (4.8) 
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with the last term being given by ( |4.6| ) . 

With this starting point it is straightforward to determine the fermionic varia- 
tions A a i and A s & as well as the variations of the zweibein, A±±. We need to use 
only two of the Maurer-Cartan equations 

V J a i + J a c A J c5 + J a s A J 55 = 

VJ- ab + J-a A J cb + J- a 5 A J~ cb = (4.9) 

together with the identities J^ a = \b~ b c J{i ad Jj) ad ( an d similarly for all barred 
indices) coming from the Sp(A) algebra. To make a long story short, the rest of the 
transformations that leave the action invariant are: 

E^ 4 A ai ± aE^ 4 A- ba = J± a c K Tcb - + J ± fK Ta - c 

A+_ + A_ + = (4.10) 

A ±± = —(E-^J^^aE^J^KiM 

where a = ±1 matches the sign of the Wess-Zumino term in the action ( f4.2| ) and 
the k parameters do not transform under one of the local GL(1) groups. As we have 
already pointed out before, this computation is much easier than the one performed 
in [[|] because we do not need to decompose the currents in terms of coset generators. 



5. Flat space limit 

The flat space limit of the model we constructed is taken in two steps: 

1) Add the identity to a coset element and, according to dimensional analysis, 
divide its fermionic and bosonic components by a/R and R, respectively, and 

2) expand for R — > oo. 

The first step implies that a generic coset element is written as: 

Z m a = 5m A ~\ — 7^fhi A + -^bM A (5.1) 
vR ti 



Then, its inverse, as an expansion in 1/R, is given by: 

= b 7=o B JM o D -—{Ob o m d -0 b Jm d } p c ) + ■■■ (5.2) 

VR & 



Using these relations the current (4TT) has the following expression: 
Ja B « 4 f 5 A M {db M B - fM D S D N df N B ) + VR5 A M df M B (5.3) 



Vr 



S A M (f M D S D N db N B + b M D 6 D N df N B - f M D 5 D p f P c 5 c N df N B ' 



+ .. 
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It is now immediate to separate the bosonic and fermionic components of the 
current. The even components of the current to leading order in 1/R are given by 

J a = ^(dbj - f m % n df n b ) (5.4) 

o 

w hich resembles the currents from the usual GS superstring. The expression for J a 
is obtained by replacing unbarred indices with barred indices and vice-versa in the 
above equation. The odd components are given by: 

J a l = -±=5 a m dfj - -^5 a m {f m % n dbn b + b m d 5 d n df n b - fj5/f p c 5 c n df n b ) (5.5) 



and similarly for J a b . The current J ab appearing in the action ([4.2|) is actually only 
the traceless antisymmetric part of the r.h.s. of equation ( |5.4|) , as required by the 
coset construction. Before writing this explicitly, let us look for the field redefinitions 
that put the l.h.s. of the /t-transformations in a form similar to the usual one. 

The k transformations in the flat space limit can be obtained from the equations 
( f4.4|) and ( [4.10|) by making the rescaling k — > \J~Rk, expanding around R — > oo and 
identifying the powers of 1/R on both sides of the equations. We get: 

Sb ab - fJSfa = 5b ah - f a d 5f s = (5.6) 

from ( fOD while from Q4.10 ) we get 

o o 

<K/a5± fba) = -RJ{ac)K± C - b - RJ(b S )K± a C . (5.7) 

Since for the flat space GS superstring one usually writes 56 ~ 1/1k, the l.h.s. of 
transformations (|5.7| ) suggest the following field redefinitions: 

@ab — ^(/afe + fba) @ba = ^ifab ~ fba) (5-8) 

In terms of these new objects the (traceless, antisymmetric part of the) bosonic 
currents become (we removed the overall factor of 1/R)'- 

O — — - 

Jab = dyi^ ab ) - (6 \ a d8 b )J+ Od(adO b )) ; V(ab) = b(ab) + 0(a\ Od\b) 

J a ~b = dyiai) - (8{a d d9 b)d + 6 d{a d9 d - b) ) ; y {ab) = b {ab) + 9 {a \ d 9 d \ b) (5.9) 

For these currents to resemble the standard flat space ones, we would like to identify 
y( ab ) and y/ ab \ with the space-time coordinates written in 50(5) ® SO (5) spinor 
notation. As counted before, the number of components matches, but we also have 
to make sure that the rest of the action has the right form. 

There are several contributions to the Wess-Zumino term. The leading one is 
1/Rdf Adf but it is a total derivative and drops out. This is good, because the rest 
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of the action is of the order 1/R 2 . The remaining contributions come from the cross 

O - O O- o 

terms in J ab J a i and J ba J ba together with a cross term between 1/Rdf Adf and a 
term coming from the expansion of E ±l l 2 . In terms of the 9 variables introduced 
above the Wess-Zumino term can be written, up to a total derivative, as 

- A [E l ' 2 j ba j- ba - E-^ 2 r b j al ] = d(b^ + 0W<%/]) a (e [a Ue b]d - e d[a de\) 

_ d ( b m + B wo d ®) A (e { / de- b]d - e d[ a dd\) 
+ e d ^ de d i] a 9[a c de- b]c + e^ a de d b] a e [a 5 de b] - c + 
+ d{b\ - b\ + 29 a % a )(e cd de cd + e dc de dc ) (5.10) 

This is not the standard form of the Wess-Zumino term in flat space. However, we 
still need to separate the traces out of every antisymmetric factor in the equation 
above. The contributions from the first two lines completely cancel the fourth line 
while in the third line the traces cancel due to the antisymmetry of the A-product. 
Thus, with the definition of y from equation Q5.9Q , the Wess-Zumino term becomes: 

i \E l i 2 r l j ab - e-^M-j = e d ^ dop a e {a c de b)c + e^ a de^ a e {a 5 de b) - c 

+dy^ a (e { Jde b)cI - e d{a de\ } ) - d y ^ a (e {a d de- b)d - e d{s de d - b) )(5.n) 

o o o_- o 

Combining this with the J ab J a b and J ab J a b terms constructed from equations ( |5.9| ) 
we get the usual Green-Schwarz action written in SO (5) <g> SO (5) spinor notation. 

6. Kallosh-Rahmfeld-Pesando gauge 

In the previous section we showed that the action ( f4.2| ) together with the k trans- 
formation rules ( |4.4| ) and ( |4 . 1 0| ) reproduce, in the flat space limit, the usual Green- 
Schwarz action. In this section we will find, for the curved space model, a K-symmetry 
gauge that simplifies the action. Since the action also has an (5p(4) ®GL(1)) 2 local 
invariance, we need to fix it as well. In section ||| we constructed coset representatives 
of GL(4)/ Sp(4:) (g)G'L(i) that reproduce the AdS 5 and S 5 sigma models. With slight 
improvement they will continue to be a part of the supersymmetric construction. 

There are many ways to parametrize the GL(A\A) / (Sp(A) ® GL(1)) 2 coset rep- 
resentatives. We will start with one that exhibits the 4 + 6 splitting reminiscent of 
the D3 brane background. Schematically it looks as follows: 

Z= [.t (4) ][0][x (6) ] (6.1) 

where [x^] denotes the coordinates parallel to the brane while [x^] describes the 
coordinates orthogonal to it. An advantage of this parametrization is that it produces 
a separation of the transformation of the various components. As far as the even 
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generators of the (4-dimensional) superconformal group are concerned, only the right- 
most factor transforms under the i?-symmetry group SL(4) C SX(4|4). Ordinary 
supersymmetry transformations mix the left-most factor with the middle one while 
the S'-supersymmetry transformations mix all three factors together. 

Using the Sp(4) gauges introduced in section [| and noting that the coset repre- 
sentatives (p.3|) giving the AdS§ metric can be written as: 



X 





XX r 



(6.2) 



the explicit form of equation ( |6.1| ) is given by 



X. 



rn 






(6.3) 



where we displayed the matrix indices to emphasize the transformation properties of 
various blocks. In the above expression Zpi is, for the time being, an arbitrary 4x4 
antisymmetric matrix representing an arbitrary 6-vector which will describe the S 5 
part of the space. We will reduce to five its number of independent components 
by fixing the gauge for the last GL(1) factor. In section |3| we used the GL(1) 
transformations to set to 1 the sixth component of z and we obtained the conformally 
flat metric for the sphere. As will become apparent shortly, this is not a convenient 
gauge in the supersymmetric context. For this reason we choose to fix the GL(1) at 
the end. This will further simplify the action. 

Once the Sp(A) gauges are fixed as above we are naturally led to pick a k- 
symmetry gauge. In general one can set to zero any component of the spinors 9 
which is acted upon by the k transformations. If we do not want to further break 
the global SL{2) ® SL{2) invariance surviving after Sp(4) gauge fixing, we are led 
to a fairly small number of choices: 



a n _ 
V a - 

9 p 

n n 



and 9rn a = 
= and 9/ = 
= and 9rn a = 



9 a , n = and 9fn a = 
9/ = and 9^ = 
9 a , n = and 9 m a ' = 



(6.4) 



and, of course, linear combinations thereof. To get a simple action one needs that 
the inverse of the fermion matrix, has as few terms as possible. This narrows 

the possible choices to the first four listed above. A closer look at the structure of 
the current reveals that the first set of gauge conditions 



9 a r 



and 9f, 







(6.5) 



gives the simplest action. This is related to the fact that [x^] 1 g^x*- 4 -*] has nonva- 
nishing entries only in the block (a', j3) and therefore has "destructive interference" 
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with the fermion matrix. Furthermore, upon Wick-rotation back to ((4, 1), (5, 0)) sig- 
nature, the two parts of the gauge are complex conjugate to each other, which will 
lead to a real action. This will be the gauge that we will consider in the following. 

At this point there exists the issue regarding the consistency of the gauge choice. 
By performing a k variation of the gauge conditions one can check that there is no 
left-over gauge invariance. 

The currents can be easily computed. We have used the gauge conditions and 
the previous observations to cancel various terms as well as to write the result with 
an apparent Sp(4) ® «Sp(4) symmetry: 

Ja = {]AdS 5 )a — (X 1 ) a 9 c m dQfh X 0d b 

Jn = {Z' 1 )™ dZfn b = (j S s)a b (6.6) 
Ja = {Xq 1 ) a d9 c m Zfh 

Jn — z a m d9fh C {Xo) d b 

where (jAds 5 )a and {js^)n are the AdS 5 and S 5 bosonic currents, respectively. It is 
now straightforward to write down the various terms in the action. The (ab) part 
of the current is the same as with no fermions. As mentioned before, z describes a 
6-vector with a scale invariance that remains to be fixed. However, we can already 
say that in the right coordinates J a b produces the S 5 sigma model regardless of 
its norm. Indeed, as shown in the appendix, the coordinate transformation z m — > 
ymn _ z am z jl a }} ows us express the metric on S 5 in terms of only the unit vector 
pointing along Y. Thus, regardless of how we chose to fix the norm of Y, the J ab J^i 
term in the action produces the standard metric on S 5 . For this observation to be 
of any use we need the action to depend only on Y. As we will see shortly, this is 
indeed the case. 

The J ab J a b term in the action is equally easy. We get 

J ab Jab = UacLSsT 13 {jAdSsU + tiAdsT' 13 ' {j A ds)a'P> + 2J° ^ Jjp (6.7) 

where for the last term we used the antisymmetry of J ao . The first two terms are 
equal and given by 

1 fdx°\ 2 

{jAdsT 13 (jAds)a/3 = {jAdsT' 13 ' i.3Ads) a 'l3> = ~ — 7T ) (6.8) 



as follows immediately from equation (|3.4|). The last term, which also receives 



fermionic contributions, has the expression 

2J a,/3 Ja'p = 777^ (dx a>(3 - 9 a,fh d9j){dx al $ - 9 a r d9 m „) . (6.9) 

The way it stands this term is not real upon Wick-rotating back to signature (1, 9). 
However, this can be problem can be solved using some information from the flat 



12 



space limit. There we were naturally led to redefine the bosonic coordinates by 
absorbing a (fermion) 2 piece and thus putting the coordinates in a chiral-like repre- 
sentation of supersymmetry. In the present situation, by redefining 

x a ' p -> x a,/3 + -e a,fh ej (6.10) 

each bracket becomes 

dx^p + ~(d6 a '™6j) - l -(e a>m deJ) (6.11) 

and the two (fermion) 2 terms are, after Wick-rotation, conjugate to each-other. 

As mentioned before, the structure of the Wess-Zumino term will decide whether 
the action can indeed be expressed only in terms of Y. Using its definition, the first 
part of the Wess-Zumino term is given by 

E- l / 2 r b j- ab = — j^y** de^ a de na , (6.12) 

x u I Y I 

while the second part takes the form 

E l ' 2 J al J al = -iXly- 1 ^^* A d9 a , n . (6.13) 

The sign in the second equation comes from the fact that while Y mn = z am Za n , its 
inverse is Y~ l mn = —Zfh a Zm and |Y| 2 = 1/8 tmnpqY mn Y m . We get therefore that the 
action can be expressed in terms of only Y and its inverse. This in turn implies that 
we are free to choose its norm without altering the form of the action. 

We argued before that with the gauge fixing considered here the action will be 
real upon Wick-rotating back to ((4, 1), (5, 0)) signature. This might not be obvious 
from equations ( 6.12 ) and (|6.13|) . To see this we first notice that using the (trivial) 



identity S^ a e bcdf ^ = 0, Y 1 is proportional to Y: 



y- 1 _ _ = e Y pq (6 14) 

1 mn 2|y|2 n ?"? ' \ / 



Under these circumstances the Wess-Zumino term becomes real since using the 
SU(4) ~ 5*0(6) algebra it can be shown that after Wick rotation 

Y inn ~^£fhnpqY P ~ (6.15) 

where we used the fact that the norm of Y is real. 

Recall that we are still to fix the last GL(1) gauge. From the equations Q6.12 -12) 
it is clear that the most useful gauge is 

|Y[ = — <£> E = l (6.16) 
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We therefore expect that the resulting action will be equivalent to the one obtained 
in ||. This will indeed be the case. 

As pointed out before, the Wess-Zumino term allows the action to be naturally 
written in terms of Y. As shown in the appendix, the bosonic sigma model depends 
only on the unit vector along Y. Thus, with the gauge ( |6.16| ) we get upon Wick- 
rotation the metric on the unit 5-sphere 

f al J- al = (dQ 5 ) 2 (6.17) 

which together with the (j A ds) aP (jAds) a p + (jAds) 01 ' 13 ' {3Ads) a 'p> = (ftr) combine 
and give just 

^ (..«) 

i.e. a conformally flat 6-dimensional space in cartesian coordinates. 

Collecting various partial results from this section we find the k gauge fixed 
action to be 

js i (x u r 2 y z 

(6.19) 



1 

+ 2 



Y mn d6 m a A dOna — -emnpqY mn d8 a p A d6 a i q 



1 

— ( 

2 

where the square is taken with A*. This action has a form equivalent to the one 



derived in fllP] . There and in flTI]] it has been checked that the fermionic quadratic 
form has no left-over zero modes around inhomogeneous (a- dependent) string con- 
figurations. Furthermore, this gauge can be reached from any point in the space of 
such configurations. 

7. Complex gauge 

In deriving the equation (|6.19|) we have been guided by the requirement that the 
action be hermitian after we Wick-rotate back to the original coset superspace. If, 
however, we relax this assumption, we can find gauge conditions which bring the 
action to an even simpler form. Such an example is the gauge 

9m n = (7.1) 
together with the coset parametrization 

Z ~W 5^){ zJ>) ■ (7 - 2) 

For the time being we did not fix any of the local gauge invariances. These assump- 
tions lead to the following set of currents: 

Ja = (X~ l ) a m dx m b = (j A ds)a 

J a b = z^dz m b = { Js ^ b (7.3) 

J a a dO n ~ Zffi J a 
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For later convenience we define, as in the previous section, Y and the corresponding 
object for AdS$, say W, as 



yrhn = z arh z _n yymn = ^m^n ^ 

in terms of which the superdeterminant is just E = |Y| 2 /|W| 2 . In terms of these 
objects the Wess-Zumino term is now: 



E 1/2 J ab J ai = --^-W np de n m A de/Y- 1 ^ = - ertrnsW^Y^BrT A d9 p 



(7.5) 

We notice that without fixing any gauge, the Wess-Zumino term is expressed in terms 
of only the unit vectors pointing in the direction of W and Y. This feature can be 
extended to the other terms as well. Choosing the Sp(4) gauges for both x and 
z as in equation ( |3.6| ), the AdS§ and S 5 metrics are the scale invariant ones when 
expressed in terms of W and Y, as shown in the appendix. We therefore write the 
action as 

S = |dW| 2 - |rfY| 2 + -er- m sW np Y fl d6 n ™ A d0* (7.6) 

with the provision that W and Y represent unit 6-vectors. Let us emphasize that 
this is not the result of GL(1) 2 gauge fixing. As pointed out before, this action 
is not hermitian any more when Wick-rotated back to the original superspace. Its 
hermitian conjugate is the action obtained with the gauge fixing condition 

m n = (7.7) 
and the same parametrization of the coset elements as in ( |7.2| ). 



8. Conclusions 

In this paper we have followed a path different from the usual supercoset construction 
of the GS action on AdS§ x S 5 . By Wick rotations and Lie algebra identifications we 
brought the coset to GL(4|4)/(Sp(4) ® GL{1)) 2 . This modified starting point leads 
to a number of simplifications: 

-unconstrained matrices are used instead of exponential parametrization of coset 
elements 

-spinor notation is natural and leads to the elimination of Dirac matrices and 
their identities 

-the derivation of the action is more streamlined 
-an easier proof of n invariance 

-the flat space limit can be taken explicitly, without the use of a priori knowledge 
of AdS 5 x S 5 metric 

-n gauge fixing is more transparent; the Kallosh-Rahmfeld-Pesando gauge is 
easily obtained based on reality and conformal invariance requirements 
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-the use of complex gauges is easier in our approach and it leads to simpler 
actions than previously considered 

In [15| it has been shown that the sigma model on the PSL(n\n) supergroup 



manifold is exactly conformal. Since the Sp(A) sigma models are also conformal, the 
GL(l)'s are abelian groups and our construction is GKO-like, we draw the conclusion 
that it is not unlikely that our construction leads to a conformal field theory. 
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Appendix 



Using the parametrization of 6-vectors written in (|3.11|) it is easy to see that the 



interpretation of w mn = z am z a n as space-time coordinates is, before GL(1) gauge fix- 
ing, nothing more that the coordinate transformation to a manifestly scale-invariant 
metric. This statement is actually independent of the dimension. 
We start from an antisymmetric matrix z and define w as: 

w ab = z ca Vt cd z db (A.l) 

Decomposing this equation in vector notation provides us with the relation between 
the D- vector w 1 and the D- vector z 1 . It is: 

w° = (z ) 2 - (z') 2 w i = 2z°z i (A.2) 

where, as before, the indices i and j are D — 1-dimensional indices. 
Now starting from 

«h>=(«« » )\^-^fif (A.3) 
V Vw 2 J iw 1 ) 2 \w l p 



and using the change of variables ( |A.2| ) we get the following line element: 



ds 2 = 4^—— — / A.4 

((z ) 2 + (z 1 ) 2 ) 2 

i.e. a conformally flat metric in the gauge z° = 1. 

This transformation is part of a one-parameter family of transformations which 
for particular values gives D-dimensional versions of the orthographic, stereographic 
and gnomonic projections of the complex plane. 

One usually considers the projection of a sphere onto a plane tangent to the 
sphere. Here we implement this operation through a gauge condition. We start with 
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the metric (|A.3|) and let the plane pass through the point p = (w°, 0, 0) while the 
sphere has radius R = J (w 1 ) 2 = yj (w ) 2 + (w') 2 . Instead of considering a sphere of 
fixed radius and perform a projection from an arbitrary point q on the line linking 
the center of the sphere and the point p, we let the sphere expand and require that 
the distance between q and p be fixed. Considering q at distance aR from the center 
of the sphere and noticing that the distance between the center of the sphere and p 
is just P = w° we have the condition 

P + aR = l + a (A.5) 

For various values for a one recovers well-known coordinate systems: 

• a = => w° = 1 and the metric becomes: 

d .2_ (^) 2 {w'dWjf 

l + (^) 2 (l + M 2 ) 2 K ' 

i.e. gnomonic projection. 

• a = 1 w° = 1 — \{w 1 ) 2 and the metric becomes: 



ds "(i + |M 2 ) 2 (A - 7) 



i.e. stereographic projection 



• a = oo ^> w° = J 1 — {w 1 ) 2 

ds 2 = (dw) 2 with (w ) 2 + (w 1 ) 2 = 1 (A.8) 

i.e. orthographic projection 

Using the coordinate transformations ( |A.2| ) it is easy to translate these conditions 



in terms of z. The gauge condition z° = 1 together with the rescaling z % — > z l /2 



reduces the equation (A. 2) to the case a = 1. 



References 



[1] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 23; Int. J. Theor. Phys. 38 (1999) 
1113; 



S. Gubser, I. Klebanov, A. Polyakov, \Phys. Lett. B 428 (1998) 105| ; 
E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 



[2] R. Kallosh, A. Rajaraman, \Phys. Rev. D 58 (1998) 125003|; |hep-th/980"5041 



[3] E. Bergshoeff, E. Sezgin, P.K. Townsend, [Phys. Lett. B 189 (1987) 75 



[4] M.T. Grisaru, P. Howe, L. Mezincescu, B.E.W. Nilsson, P.K. Townsend, 
Phys. Lett. B 162 (1985) 11C 



17 



[5] R.R. Metsaev, A. A. Tseytlin, \Nucl. Phys. B 533 (1998) 109| ; [hep-th/9805028 



R. Kallosh, J. Rahmfeld, A. Rajaraman, \J. High Energy Phys. 09 (1998) 002 
|hep-th/9805217 



[6] I. Pesando, \J. High Energy Phys. 02 (1999) 007]; [hep-th/9809145 



J. Rahmfeld, A. Rajaraman, \Phys. Rev. D 60 (1999) 064014] |hep-th/9809164 
Jaemo Park, Soo-Jong Rey, \J. High Energy Phys. 01 (1999) 00T| ; |hep-th/9812062| 



I. Pesando, Mod. Phys. Lett. A 14 (1999) 256; hep-th/9903086 



[7] I. Pesando, \J. High Energy Phys. 11 (1998) 002; ; [hep-th/9808020 



I. Pesando, Mod. Phys. Lett. A 14 (1999) 343; |hep-th/9808146 



|hep-tri/9805217 




R. Kallosh, 


tiep-th/9807206 



S. Forste, D. Ghoshal, S. Theisen, |hep-th/0003068 
[10] R. Kallosh, J. Rahmfeld, \Phys. Lett. B 443 (1998) 143| ; frep-th/9808038 



[11] R. Kallosh, A. Tseytlin, [hep-th/9808088 



[12] I. Pesando, \Phys. Lett. B 485 (2000) 246| ; |hep-th/99 12284 



R.R. Metsaev, C.B. Thorn, A. A. Tseytlin, [hep-th/0009171 
R.R. Metsaev, Eiep-th/0002008| ; 
R.R. Metsaev, A. A. Tseytlin, |hep-th/0007036 
A. A. Tseytlin, ^ep-th/0009226| 

[13] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov, B. Zwiebach, 
\Nucl. Phys. B 567 (2000) 61| ; [hep-th/990"720C| 



[14] W. Siegel, \Phys. Rev. D 5 (1994) 2799 



[15] M. Bershadsky, S. Zhukov, A. Vaintrob, \Nucl. Phys. B 59 (1999)~205 
|hep-th/990218C 



18 



